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1. Introduction and summary

Duality has played an important role in our understanding of Yang-Mill theories and it is
believed that it will play an important role also in gravity and in higher-spin gauge theories.
Indeed, although it is less clear what could be the implications of duality for theories whose

1 are intimately

quantum versions are still unknown, gravity and higher-spin gauge theories
connected to a quantum string theory where certainly duality plays a crucial role.

The recent advent of holography raises some intriguing questions for duality. For
example one may wonder what is the holographic image of a duality invariant spectrum,
a duality transformation or a possible quantization condition that usually duality implies
for charges. Some of these issues were raised by Witten in [[J] where it was argued that
the standard electric-magnetic duality of a U(1) gauge theory on AdS, is responsible for
a “natural” SL(2,Z) action on current two-point functions in three-dimensional CFTs.?2
Shortly afterwards it was shown in [[] that such an SL(2,Z) action is intimately related
to certain “double-trace” deformations in the boundary, assuming suitable large-N limits

and existence of non-trivial fixed points. The latter assumptions are strengthened by the

!For reviews of higher-spin theories see e.g. H
2See [E] and [E] for more recent works.



fact that there exist models (e.g., see [f] and references therein) which exhibit the required
behavior. In particular, it was shown in [J] that certain ”double-trace” deformations induce
an SL(2,Z) action on two-point functions of higher-spin (i.e. spin s > 2) currents. This
has led to the Duality Conjecture of [{]: linearized higher-spin theories on AdSy spaces
possess a generalization of electric-magnetic duality whose holographic image is the natural
SL(2,7Z) action on boundary two-point functions.

Surprisingly, even the duality for linearized spin-2 gauge fields (linearized gravity) was
not widely known by the time of this conjecture.®> Second order linearized gravitational
duality was discussed among other in [§-[[J]. More recently, the duality properties of
linearized gravity around flat space were studied in [[J] and were further discussed in [[4].
The duality of linearized gravity around dS; was recently studied in [[[§]. These authors
work in the metric formalism and in the spirit of [[Ld] they first solve the constraints and then
apply the duality transformation on the dynamical variables. This is different, although
we believe equivalent, to our approach.

In this note we present our calculations regarding the duality properties of gravity
in the presence of a cosmological constant. Having in mind applications to higher-spin
gauge theories we use forms and work in the first order formalism where duality is also
manifested at the level of the action [[[d]. Moreover, the first order formalism is relevant
for applications of duality to holography, since the correlation functions of the boundary
theory are essentially determined by the bulk canonical momenta (see e.g. [[[7]).

Our aim in this work is to formulate linearized first order gravity using suitable ”elec-
tric” and ”magnetic” variables, in close analogy with electromagnetism. We find that this
is possible only when the background geometry is Minkowski or (A)dS,. Then we imple-
ment the standard electric-magnetic duality rotations. We find that, up to ”boundary”
terms, the linearized Hamiltonian changes by terms that do not alter the bulk dynamics
i.e. do not alter the second order bulk equations of motion. Moreover, the duality ro-
tation interchanges the (linearized) constraints with the (linearized) Bianchi identitites.
The "boundary” terms have important holographic consequences since they correspond to
marginal ”double-trace” deformations [fJ] that induce the boundary SL(2,Z) action. In the
appendix we exhibit a modified duality rotation that leaves the bulk Hamiltonian invariant
and induces "boundary” terms that correspond to relevant deformations as in [f].

2. Action and hamiltonian

Having in mind the extension of our results to higher-spin gauge theorieswe start from the
MacDowell-Mansouri form [[[§] of the gravitational action®

1
Iy = — / €abed <R“b AR 4 2Me A e® A R+ A%e® Aeb A el A ed> , (2.1)
M

2A

3 An interesting formulation of first order duality for linearized gravity around flat space was presented

in (.

4We note I = —16wG xS, where S is the usually normalized gravitational action.



where a, b, . .. are Lorentz indices. In this formalism, the vierbein e® and the spin connection

w?%, are initially thought of as independent variables. The curvature 2-form is
a a a c 1 a c d
R% = dw®, + w C/\wbziR bed€ N\ €.
Varying the action with respect to e and w%,, we find

R¥® 4 Ae®Neb =0, (2.2)
T =de® +w' Aeb = 0. (2.3)

The relation to gravity is established via the vanishing torsion equation (R.3), which relates
e and w in the familiar way. The above equations are equivalent to the Einstein equation
in metric variables

1
Ry, — §Rg,w = +3Agu - (2.4)

and the scalar curvature is R = —d(d — 1)A = —12A. Note that our A is related to the
cosmological constant in its usual definition via Acosm = —6A. A > 0 corresponds to AdS.

Note that this is actually SO(3,2) covariant, as we can combine w,e into a super-
connection. Note that A has units (Length)~2. In the SO(3, 2)-invariant formalism, Iy
arises from

1
Iyv = ﬁ /GABCDEVERAB /\RCD, (2.5)

where V¥ is a non-dynamical 0-form field (that we take to have value V' = 1 to gauge
back to the SO(3, 1) formalism) and R4 is the curvature of Q4 = {e®, w%}. There are
also quasi-topological terms of the form

0
Liop = = /RAB A RBA + & /RAB A RAchVC (2.6)
2A A
that we could add to the action. In the stated gauge, this reduces to

Liop = %PQ + (0 4+ a)Cny + a/Rab Ae® A eb (2.7)

where Py = [ R% A RY, is the Pontryagin class, Cny = J(T* ATy — Rap A e® A e?) is the

Nieh-Yan class and we also note the Euler class Fy = f €abea R A R°®. Note that in the

presence of torsion, the action (R.7) contains the non-topological term J Rap N e® A b with

“Immirzi parameter” 7 = —2/a. In the absence of torsion, this term is a total derivative.
The Hilbert-Palatini action is

1
Iyp =1 - —F;. 2.8
HP MM — 5 (2.8)
It differs from Ipsps by a boundary term, is smooth as A — 0 but is not manifestly SO(3, 2)-

invariant.



2.1 The 3 + 1 split

Next, we carefully consider the 3+ 1 split. Although much of the discussion here is familiar
from the ADM formalism, we feel it is important to set notation carefully, as we will intro-
duce some new ingredients. To accommodate both AdS and dS signatures simultaneously,
we will introduce a ‘time’ function ¢ and a foliation of space-time ¥; <— M. In dS, t is
time-like, and this corresponds to the usual Hamiltonian foliation; in AdS on the other
hand, we will take ¢ to be the (space-like) radial coordinate. We will keep track of the
resulting signs by a parameter o, equal to £1 in dS(AdS).

Proceeding as usual then, we get a vector field t that satisfies Vit = 1 = t(t) (so

t= %) and a 1-form dt. Given a 4-metric, we can introduce the normal 1-form n as

n = O'J_th, (2.9)

which is normalized as (n,n) = 0. The dual vector field n can be expanded as

1 1
=—t— =N 2.10
n=—t- N, (2.10)

where the shift N satisfies (N,n) = 0, and thus (t,n) = o, N.

Next, we will locally choose a basis of 1-forms
e = o,n=Ndt, (2.11)
e = é% 4+ N%t. (2.12)
The €% span T, and correspond to a 3-metric h;; = éf‘éf Nag- The quantities N* are

the components of N: N« = e‘Z?‘Ni. These basis 1-forms are dual to {ey = n,e, = €,},
with eq(e?) = 62.

We expand the spin connection in the same basis®
w = ¢pdt + 0%, (2.13)
which leads to
R = R% +dt Ar%, (2.14)

where R is formed from @ and d only, and
= 0%y — dq®y, — &%.q% + ¢ .9 - (2.15)

Note that these quantities are merely decompositions along 7%, in the 4-geometry; we
will introduce the intrinsically defined objects shortly.
We then find

Tip = 2€ap, /dt A {N(ﬁaaﬁ LA AP NG — INURPY A& + 10 p B A é“’} . (2.16)

As is familiar, the lapse and shift appear as Lagrange multipliers. The constraints that

they multiply are of course zero in any background (i.e. vacuum solution), such as (A)dSy.

5We have g%y = Nwo + N%wa % and @p = wa*pe”.



The final term in the action contains the real dynamics — 7°® depends on the components
Roo‘og of the Riemann tensor.
Note though that the tensors used here are 4-dimensional. Let us define the ”electric
field”
Ko=0,0%, = Kgoé” . (2.17)

In the case that w is the torsion-free Levi-Civita connection, this agrees with the standard
definition for extrinsic curvature, regarded as a vector-valued one-form. We then find

R =®R%; — 0 K* NKjg, (2.18)

and
R, =0, (dKy+ KsA&P) =0, (DK),. (2.19)

These equations amount to the Gauss-Codazzi relations.

Furthermore, 7% contains time derivatives of @°* as well as terms linear in components
of g. We find
Ocx =0 g — o .\ O« ~0 ~y
2e08,m FNETNET = 2€enpy |:O'J_K — (Dq) } ANev NET, (2.20)

= 20 €apy (KQ + qa5K5> ANEPNEY + 4™ [eamfﬁ A é“’}

up to a total 3-derivative. We have defined the intrinsic 3-torsion 7¢ = de®™ + o™ g A én.
Since we wish to regard the € as coordinate variables,® we integrate the first term by parts
to obtain (up to the total time-derivative % (2alK0‘ A éEB A é“/eaﬁﬁ,))

2605, NP NET =Ty A% + 46" €0, TP NEY + 201 q%enp Ks NEP NET.  (2.21)
where we have defined the momentum 2-form
M, = 40 eap, KP NET. (2.22)

The ¢® appear as Lagrange multipliers. In particular, the ¢ constraint precisely sets the
antisymmetric (torsional) part of the extrinsic curvature tensor K| [ag] to zero. Next, we
define the ”magnetic field”

1
B, = galeaﬁﬁ,@m, W = —eaB'YBy. (2.23)
and we find that the ¢"¢ constraint
€apy TP NE' = €apdé® N — o BgNéP NE, =0, (2.24)

involves only the antisymmetric part B, g of the magnetic field B, = Baﬁéﬁ . The anti-
symmetric part of B, spoils the gauge covariance of the constraint (R.24) under an SO(3)

SWithout this integration by parts, we would be in the Ashtekar formalism. Here, our choice gives a
formalism closely related to the metric variable formalism. Note that the induced boundary term may be
written f%Ha A ex.



rotation of the dreibein €%, hence it represents degrees of freedom that can be gauged fixed
to zero by an SO(3) rotation. On the other hand, an algebraic equation of motion connects
the symmetric part of B,g to derivatives of % as

dé® + "By né, =0 (2.25)

At the end, one is left with the canonically conjugate variables é* and Il,. These results
are familiar from the metric formalism.
Dropping the torsional terms, we then arrive at the action

Iyp = /dt A {é“ ATl + 2Neapy (PR — g KON KP + Ae* NEPY N &Y (2.26)
—40J_Naea5,y(l~)[()ﬁ A éy} .
Furthermore, using x3é® A é° = %777560{6755, we have
T, = #311, = —2(Kap — 1aptrK)é’ (2.27)

where trK = n®? K,3. We can solve the above equation to get

1

~ 1 ~
Ko=—3 (Haﬁ - inaﬁtrn> & (2.28)

As stated above, Ko (and Il,5) is symmetric when the torsion vanishes.
Finally, with the definition (£.23) we find”

Eaﬁ’y(?))RCVB A é"“/ — eaﬁ'y [deaﬁ _{_&0&6 /\dj56:| A é"\/
— 5, [2CZB7 + €agy BN Bﬁ] NET. (2.29)

Introducing B, is an unusual thing to do but it will play a role in duality: in this form,
the Hamiltonian contains terms which are reminiscent of those of the Maxwell theory. The
full HP action is of the form

Igp = / dt A {éa AT, — 40 N%,5,(DK)? N &Y (2.30)
+20 | N(2dBy + €a3,B A B — €05, K* N KP 4 0| Aeopr € N EP) A éV} :

Note that the entire contribution of the cosmological constant appears in the last term of
the Hamiltonian constraint.
2.2 Shifted variables

It is possible to make a transformation of the canonical variables in order to absorb the
cosmological constant term in (R.3(]). This can be achieved by introducing the new variables

K® = K® — p&®, (2.31)
"The spatial signature o3 appears in €ag,€s5,1"? = 03(N55Myp — Napys). We will always consider
Lorentzian spacetime signature, so o3 = —0 | .



and requiring that
PP =0 A. (2.32)

This is positive only when o and A are simultaneously positive or negative, as it is the
case for both AdSy (A > 0) and dS4 (A < 0). We will often write A = o, /L? where L is a
length scale.

Under (R.31) the momentum 2-form becomes

T, — Po — 40 peap e’ NET. (2.33)

The last term in (.33) contributes a total time derivative to the action (of the form of a
boundary cosmological term). We have introduced a new momentum variable

Po = —40'L6a5,yf{ﬁ ANeT.
Then, we get the action
Inp = /dt A {éa A Po — 40 N%op, (DK + pT)P N &Y — galpeam%(éa NP e
+20, N (262(BaAé°‘)+QBq//\T“’—eam <B“AB5 + R’O‘Af(ﬁJrsz’aAéﬁ) A é“’) } .
(2.34)

Note that the shift constraint is still written in terms of the ordinary covariant derivative,
and thus involves a non-linear term coupling B to K. Consistent with our previous dis-
cussion, we drop the terms involving the torsion 7T, and disregard the boundary term to
obtain

Inp = / dt A {éa A Po — 401 N®eog (DK)P N & (2.35)
+20 | N <2d(Ba A EY) — €apy (BO‘ ABP + KA NKP 4+ 20K A éﬁ) A éV) } .
We note that the parameter p can be of either sign (although, this sign does not appear
in the second order equations of motion).
2.3 Linearization

Next, we linearize the above action around an appropriate fixed background. We expand
as

=84+ E* N=1+n, N*=n% B*=B*+b* K*=K"+k°*. (2.36)

The background values should satisfy the constraints. The simplest choice is the back-
ground where
K*=0=B". (2.37)

In fact, reaching this simple form was a motivation for the shift (2.31)). Then, to quadratic
order in the fluctuating fields the Hamiltonian gives

Iyp = /dt A {EO‘ A Do — 40lnaeagydkﬂ ANE'+40 n (J(ba N €Y) — peagyk™ N & A §7>

—201 €apy <ba AP+ kA KD + 20k A E5> A @} , (2.38)



where

Do = —40 eap K’ NE (2.39)

are the linearized momentum variables conjugate to E.
In order to reach the form (R.3§) the linear terms in the fluctuations must vanish. For

this to happen we find the relationships
e+ pe* =0, (2.40)
Notice that we can also write the linearized action in the form

Typ = /dt A {(EO‘ + PE*) A po — 20 1 €0y (ba AP+ kXA k:ﬁ) A &Y
—40lnaeaﬁydkﬁ ANET+n <40Ldb7 + ppfy> A é”} . (2.41)

The form of the first term, involving the momentum, makes clear that longitudinal fluc-
tuations are non-dynamical. The natural time dependence of E® is of the form e™*! (cor-
respondingly, the natural time dependence of p, is e™”*). Other than that, we see that in
comparing to the flat space action, in these variables, the only change is that the Hamil-
tonian constraint is modified.

The solutions of (R.40) and (R.37) are components of (A)dS; spacetimes. We can
solve (R.4() to obtain

e =dt, e*=ePlda”. (2.42)

With these we construct the usual Poincaré metric on (A)dS which, however, covers only
half of the space even though the parameter ¢ runs from —oo to +oo. The conformal
boundary in these coordinates is at ¢ = +00. Then we derive

W%y = —pe Pldz® = —pe®, (2.43)
and so
RY, = —Z5eY Ae o
— B 2= NEp lpa —  Zloapng 2.44
Eo:—#gaw}—b R >

Hence Ric,, = _%nab and R = —120, /L? = —12A. We also evaluate

I, = 40 peapre® A&V, I =4pe®, trll=12p (2.45)
B, =0, K*=pe" = K" =0 (2.46)
Note that in this gauge, (DK)* = %ia = 0, which solves the shift constraint, while the
Hamiltonian constraint is satisfied through a cancellation between the K? term and the

cosmological term.



3. Linearized gravitational duality and holography

Let us summarize what we have obtained so far. In the presence of a cosmological constant
we have defined variables such that the action resembles most closely the action without
the cosmological constant. This was done in order to look for a suitable background around
which linear fluctuations are as simple as possible. Requiring that K (the “electric field”)
and B (the “magnetic field”) vanish in such a background - as they do around flat space -
we found that the background should be (A)dSs. Quite satisfactorily, both sign choices for
p in the change of variables (R.31)) lead to (A)dS, spacetimes.

3.1 Duality and holography

This is the appropriate point to recall some salient features of duality rotations. In simple
Hamiltonian systems the effect of the canonical transformation p +— ¢ and ¢ — —p to the

action is (see e.g. [I9))

to to
I= / dtlpg — H(p,q)l — Ip = / dt[—qp — H(q,—p)]. (3.1)

t1 t1
Notice that Ip involves the dual variables, for which we have however kept the same
notation for simplicity. The transformed Hamiltonian H(gq, —p) is in general not related

to H(p,q). However, if H(q,—p) = H(p,q) we call the above transformation a duality. It
then holds

to
ID:I—qpt . (3.2)
1

The dual action describes exactly the same dynamics as the initial one, up to a modifica-
tion of the boundary conditions. For example, if I is stationary on the e.o.m for fixed ¢
in the boundary, Ip is stationary on the same e.o.m. for fixed p in the boundary. This
simple example illustrates the role of duality in holography; a bulk duality transformation
corresponds to a particular modification of the boundary conditions. This property of du-
ality transformations is behind the remarkable holographic properties of electormagnetism
in (A)dS4 [E, .

Clearly, the crucial properties of a duality transformation are to be canonical and to
leave the Hamiltonian unchanged. However, consider a slight generalization

t2

1
S = dt[pcj——

S0+ + 2\pq) (3.3)
t1

where )\ is an arbitrary parameter. The Hamiltonian now is not invariant under the
canonical transformation p — ¢ and ¢ — —p — the pq term changes sign. Consequently,
the first order form of the equations of motion are also not duality invariant. Nevertheless,
the second order equation of motion is invariant. We will find that gravity in the presence
of a cosmological constant follows precisely this model. Of course, gravity is a much more
complicated constrained system, but as we will show, the constraints and Bianchi identities
transform appropriately.



We also note that the canonical transformation (implemented by a generating func-
tional of the first kind)

p—q+2\p, ¢g— —p. (3.4)
is of interest here. The above does not change the Hamiltonian and the transformed action
differs from the initial one by total time derivative terms®

to 9 to
S Sp=8—pqg —Ip*| . (3.5)
t1 t1
3.2 Linearized gravitational duality
As a preamble to gravity we recall the duality properties of Maxwell theory
1 B 1 -
IVax = 303 /dt A {A A*3E — §(E N*3E 4+ B A\ x3B) — Aod x3 E} , (3.6)
9

Under the duality E — — %3 B, B — x3E, A — Ap, we find

1 2 1 N
Invtax — Injaz,p = @/dm {—AD/\B— 5(JE7A*3E+BA>x<33)+AodB} . (3.7)

E and B in (B.7) should be expressed through Ap. We observe that the kinetic term has
changed sign, while the Hamiltonian remains invariant. In addition, the (Gauss) constraint
is dualized to the trivial ‘Bianchi’ identity dB = 0 for the dual magnetic field.

Next we try to apply a Maxwell-type duality map in gravity. We consider the following
transformation around the fixed background (P-4Q)

E* — —b%, b — k. (3.8)

To implement the map (B.§) we need to specify the mapping of E to a ‘dual 3-bein’ £%.
We do that using the linearized form of (R.2]) as

- . . 1
Mg N, +dE” =0 kg NE, +dE¥ = 0= dE™ — o P (3.9)

Since p,, = 4JLJEQ, it is natural to define
Ppa=401dE, = —40  eap b’ NET, (3.10)
and thus the mapping (B.§) is supplemented by
E—&, &——-E, p—>—pp, pp—p (3.11)

Now, let us see the effects of the above duality mapping. The action transforms to
Iip — Iup.p = /dt A {—é‘a ADPD.a — PE* APD.o — 201 €apry (ba AW+ kXA kﬁ> ANEY

+40 0% oy d” A& + 1 (401 dRy + pppa) AT | (3.12)

8In holography, the latter terms correspond to the relevant ”multi-trace” boundary deformations dis-
cussed in [{.

,10,



where now k¢ and b® should be expressed in terms of the dual variables £ and pp o
via (B.9) and (B.10). We notice that the ’kinetic’ part £ Ap of the action changes sign under
the duality map, in direct analogy with the Maxwell case. However, the Hamiltonian is
not invariant due to the change of sign of the second term in the first line of (B.19). We
will discuss this further in a later section. For now, we note that this sign change would
not show up in the equations of motion, written in second order form. It is important to
also note that the constraints are transformed into quantities which in the next subsection
we will recognize as the linearized Bianchi identities. This is to be expected since the
duality transformations are canonical. We also note that it may be possible to choose an
alternative canonical transformation, designed to leave the Hamiltonian invariant. The
latter is presumably related to the work of Julia et. al. [[J and is considered in the
appendix.

3.3 Linearized constraints and Bianchi Identities

By virtue of the discussion above we may now demonstrate that under the duality map-
ping (B.§) the linearized constraints transform to the linearized Bianchi identities as

Co = €apydk’ NEY s —enpydb® A &Y (3.13)
Co=—0, (db7 — peapyk® A§ﬁ> ANEY — —o ) <cZk7 + peap,b” A§ﬁ> A& (3.14)
To identify the right hand sides, we first note that the Bianchi identities are
Br% = dR%% — R Nwp + W' AR =0 (3.15)
B} =dT" — R% AN’ +w"y ANT" =0 (3.16)
which are obtained from the definitions of R%, and T'* by exterior differentiation. The first

equation is satisfied identically. Since the torsion vanishes, the second equation tells us
only that R% A e? = 0. If we do the 341 split, we find two equations. The first is

Br® = —(®RY —0  K*NKz) NP =0 (3.17)
which upon using the symmetry of K¢ linearizes to
Br® = —eaqp dbP NE + ... (3.18)
Note that this is the image under duality of the shift constraint as in (B.13).
The second identity is
BrO— —i0, p & = —o, (DK,
— (dka + peagb® A @) AE® =0 (3.19)

(]

where to arrive in the second line we used (R.4¢)). This is the image of the Hamiltonian
constraint as in (B.14).
Summarizing, the duality transformations between linearized constraints and Bianchi
identities are
Cy — Bro Co+ BY (3.20)
Bro— —C, BY— —Cy (3.21)

— 11 —



3.4 Connection with other known dualities

The Maxwell-type duality operation (B.§) is closely related to the dualization of the first

two indices of the Riemann tensor as®

1
R — 8% = ieadeRcd (3.22)
at least at the linearized level. Let us investigate (B.2J) by rewriting expressions in the
3+1 split. We have

R% = Rab + dt N r%

S = 5% + dt A 5%

We begin with the spatial 2-forms when we have

R = —¢P1dB, + o, (B* A B — K“ A KP) (3.23)
R, =0, (dKy+ K5 N&P) =0, (DK), (3.24)
and
59, = %0 1 €apy RYP (3.25)
Sep = €ap, R (3.26)

If we linearize these expressions, we find under the duality transformation (B-8)
R® — —g, 5% (3.27)

Because the expressions (B.24) involve derivatives of B and K, the duality (B.§) is an
‘integrated form’ of the usual Riemann tensor duality, but implies it.

Similarly, if we investigate the spatial 1-forms, we find

r® s —g s (3.28)

To arrive at this result we have set to zero the Lagrange multiplier field q.

4. The effect on the boundary theory

It is well known that AdS is holographic. We may well ask, in the context of AdS/CFT,
how the duality transformation that we have defined here acts in the boundary. We are
instructed to consider the on-shell bulk action as a function of bulk fields. So, we evaluate
the action on a solution to the equation of motion, resulting in a pure boundary term which
is of the form

dey = / pa N E® (4.1)
oM

9For a discussion of the duality properties of gravity in terms of the Riemann tensor see [E]

- 12 —



Applying the duality transformation to the bulk theory, although the bulk action is not
invariant as we have discussed above, nevertheless it may be easily shown that it induces
a simple transformation on the (linearized) boundary term: it simply changes its sign.

Spiy = — /a PDanE (4.2)

This transformation is exactly analogous to what happens in the Maxwell case: it amounts
to the result [R1].1°
GoGual = 1. (4.3)

5. Conclusions and outlook

Motivated by possible application in holography and in higher-spin gauge theory we have
studied the duality properties of gravity in the Hamiltonian formulation. We have presented
the gravity action in terms of suitable variables that closely resemble the electric and
magnetic fields in Maxwell theory. We have found suitable “electric” and “magnetic”
field variables, such that at the linearized level first order gravity most closely resembles
electromagnetism. This can be done only around Minkowksi and (A)dS, backgrounds.

We have implemented duality transformations in the linearized gravity fluctuations
around these backgrounds. In the presence of a cosmological constant, the Hamiltonian
changes, nevertheless the bulk dynamics remains unaltered, while the linearized lapse and
shift constraints are mapped into the linearized Bianchi identities. Moreover, the dual-
ity transformations induce boundary terms whose relevance in holography we have briefly
discussed. Finally, we have exhibited a modified duality rotation that leaves the bulk
Hamiltonian invariant, while it induces boundary terms corresponding to relevant defor-
mations.

The main implication of our results is that certain properties of correlations functions
in three-dimensional CF'Ts mimic the duality of gravity. It would be interesting to extend
our results to black-hole backgrounds and also when topological terms are present in the
bulk. We also expect that one can analyze the duality of higher-spin gauge theories based
on our first-order approach.
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A. Other duality mappings

It is possible to find a transformation that leaves the Hamiltonian unchanged. Consider
the following transformation in the fixed background (.40)

k% — —bY — 2pE°, b — k. (A.1)

10Gee also @] for an interesting recent application of this formula.
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The mapping to the dual dreibein is still specified by (B.9). A straightforward calculation
reveals that the action transforms as

Inp — Iup.p = Inyp + 40, / <eamga A+ peap£% A 55) ANEY
oM
+ / dt A [4alnaeamdbﬁ NET —8pnkg N €, N é’
+n(4olcika + 40lpeambﬁ ANeT + 8Aea5756 ANET)A éa] (A.2)

The transformations ([A.1]) leaves unchanged the Hamiltonian and changes the action by
the total "time” derivative terms shown in the first line of ((A.9).

Moreover, the linearized constraints transform into the linearized Bianchi identities.
Let us see that in some detail. The second term in the shift constraint is zero since k, is
a symmetric one form k, = kaﬁéﬁ with kop = kga; see (B.21).

The term proportional to A in the lapse constraint is also zero. This is slightly more
involved to see and it is based on the possibility of solving (B.9) for £~ after gauge fixing.!!
One way to see this is in components. Write £¢ = E%éﬁ and (B.9) becomes

é S
0aE% — 0,E5, = &’ K — O 1P, (A.3)
In the ”Lorentz gauge” where 80‘5% =0= 0" o the above can be inverted as

1 5
EG = ﬁe%vmk 3 (A.4)
Using ([A.4) one verifies that the last term in the lapse constraint vanishes. This modified
duality transformation is probably related to the one considered by Julia et. al. in [15].
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